We investigate patterns of assortative matching on risk attitude, using self-reported (ordinal) data on risk attitudes for males and females within married couples, from the German Socio-Economic Panel over the period [2004][2005][2006][2007][2008][2009][2010][2011][2012]. We apply a novel copula-based bivariate panel ordinal model to this data set. In the first step, a copula-based Markov model is used to relate the marginal distribution of the response in different time periods, separately for males and females. In the second step, another copula is used to couple the males' and females' conditional (on the past) distributions. This coupling copula accounts for the dependence between males and females, and is therefore the focal point of the paper. We find positive dependence, both in the middle of the distribution, and in the joint tails, and we interpret this as positive assortative matching on risk attitude. This provides evidence to reject standard assortative matching theories based on risksharing assumptions, and to favour models based on alternative assumptions such as the ability of agents to control income risk, or limited commitment in the marriage contract. By estimating the model separately for different time ranges, we then find evidence that middle-and tail-dependence both increase with years of marriage, and this is interpreted as evidence of "socialization".
Introduction
In recent years, the Economic Theory literature has seen intense interest in the concept of assortative matching on risk attitude, particularly when applied to the marriage market. One obvious reason for this interest is that the nature of this type of matching has profound implications for the relationship between individual decision making and household decision making (see Browning et al. 2014 ). Much of this literature is based on risk-sharing arguments, which amount to the substitutability of risk-bearing between individuals in an incomplete insurance market: a risk-averse female is a demanding buyer of insurance, while a risk-seeking male is a ready seller of it (Schulhofer-Wohl, 2006 ; Legros and Newman, 2007; Chiappori and Reny, 2016) . This approach leads to the unambiguous prediction of negative assortative matching (NAM): the most risk-averse male will match with the least risk-averse female; the second most risk-averse male will match with the second least risk-averse female; and so on.
Against this background, a number of other theorists have demonstrated that the introduction of certain other model features can reverse the prediction to one of positive assortative matching (PAM).
For example, Li et al. (2013) propose a model in which agents can control the risks to their incomes (by e.g. re-training, changing career or taking a second job). Under this assumption, agents prefer similar partners because of their aligned objectives in risk management. Gierlinger and Laczó (2017) find that assortative matching behaviour depends on the level of commitment, with PAM resulting in a situation of limited commitment. The assumption of limited commitment must be seen as highly plausible in the context of the marriage market, in which formal risk-sharing contracts are typically not signed. Li et al. (2016) show that when risks are large compared with individuals' risk-free incomes, PAM may result.
Empirical and experimental evidence that is currently available is broadly favourable to PAM. Bacon et al. (2014) used repeated data on married couples within the German Socio-Economic Panel to investigate spousal correlation in risk attitude. They applied the bivariate panel ordered probit model to the self-reported risk attitude data from this source. They found that the individual-specific effects (in the risk attitude equation) for the two members of a married couple, are positively correlated, and this was interpreted as evidence of PAM. Evidence of PAM has also been found in factors that are known to determine risk attitude, for example education, wages and wealth (Becker, 1974; Lam, 1988; Charles and Hurst, 2003) , and also in factors relating to non-financial risk-taking such as smoking (Clark and Etilé, 2006) . Di Cagno et al. (2012) carry out experiments in which agents allocate their wealth among risky lotteries and share winnings with their partners according to pre-committed rules. Again, evidence of PAM is found: agents tend to choose partners with similar risk attitude to themselves.
Clearly this body of empirical evidence has important implications for the validity of each of the various assortative matching theories cited above. Given this, it is imperative that the econometric approaches used to establish such evidence are valid, and sufficiently flexible to detect whatever patterns of assortative matching exist within the data. With this in mind, in this paper we delve deeper into the investigation of assortative mating on risk attitude, by applying the copula approach.
The main advantage of the copula approach is that it can allow a wide range of flexible tail dependence and asymmetry between the two variables (here male's and female's risk attitude) under investigation.
For example, could it be that PAM exists and is stronger in the tails than in the centre of the distribution? That is, could it be that risk seekers and risk avoiders are particularly keen to match with similarly minded individuals, while risk-neutral individuals are less discerning in their choice?
Or, could it be that PAM is stronger in one tail than in the other? That is, could it be that, as suggested by Li et al. (2016) , risk-seeking individuals, with their higher endowments of risky assets, are keen to match with other risk-seeking individuals, but risk-averse individuals have less reason to care about the risk-attitude of their partners? It is these sorts of patterns of dependence that the copula approach is able to capture via the concepts of upper and lower tail dependence (Joe, 1993) , i.e. dependence among extreme values. Importantly, the richness of the dependence structure is introduced without the requirement of estimation of additional parameters. Note that existing approaches used to investigate assortative matching, such as, the random effects models used by Clark and Etilé (2006) ; Bacon et al. (2014) , are based on the normality assumption, and, although mathematically convenient, are constrained to tail independence.
We are particularly interested in whether and how this dependence structure changes with years of marriage. A very interesting hypothesis is that of socialization (Arnett, 1995) : a process by which attitudes become more similar with time. This hypothesis can be investigated by estimating the copula model separately for different stages of marriage.
We will use a general copula construction, based on a set of bivariate copulas to jointly model bivariate ordinal time-series responses with covariates. We call this the "joint copula-based Markov model". For the proposed model, we construct the joint distribution in terms of three bivariate copulas. For each ordinal time series we consider a copula-based Markov model, where a parametric copula family is used for the joint distribution of subsequent observations and then we relate these ordinal time-series responses using another copula to couple their conditional (on the past) distributions at each time point. Much is known about properties of parametric bivariate copula families in terms of dependence and tail behavior. In this paper we draw on this wealth of knowledge. The discretized bivariate normal (BVN) model is a special case of our general construction when all the bivariate linking copulas are BVN. Other choices of copulas are better if (a) Y j 's have more probability in joint upper or lower tail than would be expected with a discretized BVN, or (b) Y j 's can be considered as discretized maxima/minima or mixtures of discretized means rather than discretized means (Nikoloulopoulos and Joe, 2015) . Copulas that arise from extreme value theory have more probability in one joint tail (upper or lower) than expected with a discretized MVN distribution or an MVN copula with discrete margins. It is also possible that there can be more probability in both the joint upper and joint lower tail, compared with discretized MVN models. This happens if the respondents consist of a "mixture" population (e.g., different ethnicities). From the theory of elliptical distributions and copulas, it is known that some scale mixtures of MVN have more dependence in the tails.
Much is known about copulas. They have been used to great benefit in many areas (e.g., insurance, finance and hydrology), but have only recently taken hold in econometrics research. So far in the Economics literature, the copula approach has been used to model earnings, mobility, house prices, and measures of well-being (Dardanoni and Lambert, 2001; Robin, 2006, 2009; Zimmer, 2012; Decancq, 2014) . To our knowledge, our paper is the first application of the copula approach to an assortative matching problem.
The remainder of the paper proceeds as follows. Section 2 has a brief overview of relevant copula theory. Section 3 introduces the joint copula-based Markov model for discrete ordinal responses with covariates and discusses its relationship with existing models. Section 4 discusses suitable parametric families of copulas for the joint copula-based Markov model for discrete ordinal responses with covariates. Estimation techniques and computational details are provided in Section 5. Section 6 presents the applications of our methodology to assortative mating using data from the German Socio-Economic Panel over the period [2004] [2005] [2006] [2007] [2008] [2009] [2010] [2011] [2012] . It turns out that our model, with linking copulas selected according to the ordinal responses being plausibly based on mixtures of means, provides better fit than the discretized BVN model. We conclude with some discussion in Section 7.
Overview and relevant background for copulas
A copula is a multivariate cumulative distribution function (cdf) with uniform U (0, 1) margins (Joe, 1997; Nelsen, 2006; Joe, 2014) . If F is a bivariate cdf with univariate margins F 1 , F 2 , then Sklar's (1959) theorem implies that there is a copula C such that
The copula is unique if F 1 , F 2 are continuous, but not if some of the F j have discrete components. If F is continuous and (Y 1 , Y 2 ) ∼ F , then the unique copula is the distribution of (
leading to
where F −1 j are inverse cdfs. In particular, if Φ 2 (·; ρ) is the bivariate normal (BVN) cdf with correlation ρ and standard normal margins, and Φ is the univariate standard normal cdf, then the BVN copula is
The major advantage of copulas for dependence modelling is that the dependence structure may be separated from the univariate margins; see, for example, Section 1.6 of Joe (1997) . If C(·; θ) is a parametric family of copulas and F j (·; η j ) is a parametric model for the jth univariate margin, then
is a bivariate parametric model with univariate margins F 1 , F 2 . For copula models, the variables can be continuous or discrete (Nikoloulopoulos, 2013; Nikoloulopoulos and Joe, 2015) .
A joint copula-based Markov model
For ease of exposition, let T be the dimension of a "panel" and n the number of clusters. The theory can be extended to varying cluster sizes. Let p be the number of covariates, that is, the dimension
where K is the number of categories of Y (without loss of generality, assume
, and β is the p-dimensional regression vector. From this definition, the response Y is assumed to have density
where µ = x T β is a function of x and the p-dimensional regression vector β, and γ = (α 1 , . . . , α K−1 )
is the q-dimensional vector of the univariate cutpoints (q = K − 1). Note that F normal leads to the ordinal probit model for ordinal response, F logistic leads to the ordinal cumulative logit model.
Suppose that data are (y itj , x itj ), i = 1, ..., n, t = 1, . . . , T, j = 1, 2 where i is an index for individuals or clusters, t is an index for the repeated measurements or within cluster measurements, and j is an index for the gender: 1=male, 2=female. The univariate marginal model for
where µ itj = x ⊤ itj β j and γ j of dimension q j be the vector of univariate cutpoints. If for each t, Y i1j , . . . , Y iT j are serially independent conditional on µ itj , then the log-likelihood for each gender is
For estimation of β j , γ j when Y i1j , . . . , Y iT j are dependent we consider copula-based Markov models (Joe, 1997, page 244) for ordinal time series with covariates, where a parametric copula family is used for the joint distribution of subsequent observations and then the corresponding transition probabilities are obtained. Note in passing that Chen and Fan (2006) studied copula-based Markov models of continuous response data.
The transition cdf of Y tj given Y t−1,j is
and the transition probability mass function (pmf) is
. Then the log-likelihood for each gender is
The BVN copula is a special case, and this is called "autoregressive-to-anything" in Biller and Nelson (2005) as acknowledged by Joe (2014) . Other copulas would be useful for the transition probability if there is more clustering of consecutive large or small values than would be expected with BVN.
So far we treat the ordinal response of the males and the ordinal response of the females separately as if they were independent. In the sequel, we novel propose to relate these responses using a copula to couple their conditional (on the past) distributions at each time point. From Sklar (1959) , there is a bivariate copula
Then it follows that the joint pmf is
For the joint copula-based Markov model, we let C 1|t , C 2|t and C 12|t be parametric bivariate copulas, say with parameters θ 1 , θ 2 and θ, respectively. For the set of all parameters, let θ = {β j , γ j , θ j , θ : j = 1, 2}. We model the joint distribution in terms of three bivariate copulas. There is much known about properties of parametric bivariate copula families in terms of dependence and tail behavior.
Note that the copula C j|t models the time-series for the jth response and the copula C 12|t links the ordinal response for males to the ordinal response for females. Our general statistical model allows for selection of C j|t and C 12|t independently among a variety of parametric copula families, i.e., there are no constraints in the choices of parametric copulas {C j|t , C 12|t : j = 1, 2}.
Choices of parametric families of copulas
In our candidate set, families that have different strengths of tail behaviour (see e.g., Nikoloulopoulos et al.
(2012); Nikoloulopoulos and Joe (2015) ) are included. In the descriptions below, a bivariate copula C is reflection symmetric if its density satisfies c(u 1 , u 2 ) = c(1 − u 1 , 1 − u 2 ) for all 0 ≤ u 1 , u 2 ≤ 1. Otherwise, it is reflection asymmetric often with more probability in the joint upper tail or joint lower tail.
Upper tail dependence means that c(1 − u, 1 − u) = O(u −1 ) as u → 0 and lower tail dependence means
where
is the survival (or rotated by 180 degrees) copula of C; this "reflection" of each uniform U (0, 1) random variable about 1/2 changes the direction of tail asymmetry.
• Reflection symmetric copulas with tail independence satisfying C(u, u) = O(u 2 ) and C(1− u, 1− u) = O(u 2 ) as u → 0, such as the Frank copula with cdf
• Reflection asymmetric copula family with upper tail dependence, such as the Gumbel extreme value copula with cdf
The resulting model in this case has more probability in the joint upper tail compared to the BVN copula. That is there is more dependence of large ordinal values that would be expected with BVN.
• Reflection asymmetric copula family with lower tail dependence, such as the survival Gumbel (s.Gumbel) copula with cdf
The resulting model in this case has more probability in the joint lower tail compared to the BVN copula. That is there is more dependence of small ordinal values that would be expected with BVN.
• Copulas with reflection symmetric upper and lower tail dependence, such as the bivariate Student t ν copula with cdf
where T (; ν) is the univariate Student t cdf with (non-integer) ν degrees of freedom, and T 2 is the cdf of a bivariate Student t distribution with ν degrees of freedom and correlation parameter θ. A small value of ν, such as 1 ≤ ν ≤ 5, leads to a model with more probabilities in the joint upper and joint lower tails compared to the BVN copula. That is there is more dependence of large and small ordinal values than would be expected with BVN.
To depict the concept of reflection symmetric (asymmetric) tail dependence (independence), we plot contour plots of the corresponding copula densities with standard normal margins and dependence parameters corresponding to Kendall's τ value of 0.5 in Figure 1 .
For this paper, the above copula families are sufficient for the applications in Section 6, since tail dependence is a property to consider when choosing amongst different families of copulas and the concept of upper/lower tail dependence is one way to differentiate families. Nikoloulopoulos and Karlis (2008) have shown that it is hard to choose a copula with similar properties from real data, since copulas with similar (tail) dependence properties provide similar fit. Note also that these copulas satisfy the conditions under which a copula function generates a stationary Markov chain that satisfies mixing conditions at a geometric rate (Chen et al., 2009; Beare, 2010) . 
Estimation techniques and computational details
The log-likelihood of the joint copula-based Markov model is
where f 12|t (·) is given in (4) and
The maximum likelihood (ML) estimates can be derived using the steps below:
1. For each j:
(a) At the first step the ℓ j (β j , γ j ) in (2) is maximized over the univariate marginal parameters β j , γ j assuming time independence.
(b) At the second step the ℓ j|t (β j , γ j , θ j ) in (3) is maximized over the copula parameter θ j with univariate parameters β j , γ j fixed as estimated at the first step.
(c) At the third step the ℓ j|t (β j , γ j , θ j ) in (3) is maximized over both the univariate parameters β j , γ j and copula parameter θ j with initial parameters the estimates for the preceding steps.
2. At the fourth step the ℓ 12|t (θ) in (5) is maximized over the copula parameter θ with all the other parameters fixed as estimated at the preceding steps.
3. At the final step the ℓ 12|t (θ) in (5) is maximized over θ with initial parameters the estimates for the preceding steps.
In the steps above the Inference function of Margins method (Joe, 1997 (Joe, , 2005 ) is used to get initial estimates.
Each of the estimated parameters can be obtained by using a quasi-Newton (Nash, 1990 ) method applied to the log-likelihood. This numerical method requires only the objective function, i.e., the joint log-likelihood, while the gradients are computed numerically and the Hessian matrix of the second order derivatives is updated in each iteration. The standard errors (SEs) of the ML estimates can be also obtained via the gradients and the Hessian computed numerically during the maximization process. Assuming that the usual regularity conditions (Serfling, 1980) 6 Application to the German Socio-Economic Panel We also use a number of explanatory variables: number of children, log of household income, age, age-squared and education level.
We fit the joint copula-based Markov model with BVN, Gumbel, s.Gumbel, and t ν bivariate linking copulas. For Student t ν , choices of ν were 1, 2, . . . , 10. For the model we allow three different copula families, one for the male time-series, one for the female time-series and one to join them. To make it easier to compare the dependence parameters, we convert the estimated parameters to Kendall's τ 's in (0, 1) via the relations τ = 2 π arcsin θ, τ = 1 + 4θ −1 1 θ θ 0 t e t −1 dt − 1 , and τ = 1 − θ −1 for elliptical, Frank and Gumbel copulas in Hult and Lindskog (2002) , Genest (1987) , and Genest and MacKay (1986) , respectively. Note that Kendall's τ only accounts for the dependence dominated by the middle of the data, and it is expected to be similar amongst different families of copulas. However, the tail dependence varies, as explained in Section 4, and is a property to consider when choosing amongst different families of copulas. For the model with t ν we summarize the choice of integer ν with the largest maximized log-likelihood.
Since the number of parameters is the same between the models, we use the log-likelihood at estimates as a measure for goodness of fit between all the models. We further compute the Vuong's (1989) test to check if there is more probability in the joint tails than the one expected via assuming a BVN copula to couple the conditional (on the past) distributions of male and female ordinal timeseries. The Vuong's test is the sample version of the difference in Kullback-Leibler divergence between two models and can be used to differentiate two parametric models which could be non-nested. Assume that we have Models 1 and 2 with parametric densities f (1) 12|t and f (2) 12|t with C 12|t being the BVN copula and any other parametric family of copulas with different tail properties, respectively; the best fit of C j|t is used for the joint distribution of subsequent observations for males and females. The sample version of the difference in Kullback-Leibler divergence between two models with MLEsθ
. Model 1 is the better fitting model ifD < 0, and Model 2 is the better fitting model ifD > 0. Vuong (1989) has shown that asymptotically under the null hypothesis H 0 : ∆ = 0, i.e., Models 1 and 2 have the same parametric densities f (1) and f (2) ,
For more details we refer the interested reader to Joe (2014); Nikoloulopoulos (2015) .
For these risk data, if a respondent reports the maximum (minimum) willingness to take risk in year t, then it seems natural to expect them to report the maximum (minimum) in year t − 1 and year t + 1 as well. That is, based on the data descriptions, we can expect a priori that a model with C j|t being the t ν copulas might be plausible, as in this case the data have more probability in the joint tails. Furthermore, since the sample is a mixture (males and females) we can expect a priori that a t ν copula to join the male and female time-series might be plausible, as in this case the ordinal responses can be considered as mixtures of discretized means. Table 1 contains results from the copula-based Markov models for ordinal time series with covariates for both males and females, where a parametric copula family C j|t is used for the joint distribution of subsequent observations estimated separately for males and females, using data from all available years. On the evidence of the maximised log-likelihoods, it is clear that the t ν copula with a small ν is the best-fitting model for these data, and, there is a big improvement over the "autoregressiveto-anything" (BVN copula-based Markov) model. In particular, we find that the t 4 copula is the best-fitting model for the male time series, while the t 5 is the best-fitting for female time series.
On this basis, these two copulas are chosen for the joint copula-based Markov model that couples the two univariate ordinal time series. For the joint copula-based Markov model for ordinal time series with covariates for both males and females, where a t 4 and a t 5 copula family is used for the joint distribution of subsequent observations for males and females, once again, a number of different copulas are tried to form the joint distribution of couple observations, and the results from these joint models are presented in Table 2 . This time, we find that the t 5 copula provides the best fit. In fact, from the Vuong's statistic there is enough improvement compared to the BVN copula to get a highly statistical significant difference (p-value< 0.001). This result suggests some skewness to both upper and lower tail for the pair of male and female risks.
In the final (double) column of Table 2 , we provide estimates together with SEs for this joint model. The coefficients associated with the explanatory variables lead us to the following conclusions:
for males, income has a strong positive effect on willingness to take risk; for females, number of children has a negative effect, while education has a positive effect.
The estimate of Kendall's τ appearing in the final column of Table 2 is 0.172 and this is strongly significant. In fact, a joint copula-based Markov model leads to better inferences than a copula-based
Markov model with independence of males and females since the likelihood has been improved by 728.3 = −59942.2 − (−30445.4 − 30225.1). This indicates that there is strong evidence of positive dependence between males and females in the middle of the distribution (i.e. at normal levels of risk attitude). The fact that the best-fitting copula for the joint model is t 5 (instead of say, BVN)
indicates that there is also positive tail dependence: risk-lovers are particularly keen to match with other risk-lovers, and risk-avoiders with risk-avoiders. This is confirmed by the Vuong's statistic of 7.831 (p-value< 0.001) reported in the final row of Table 2 , which establishes clear superiority of the t 5 over the BVN.
Next, we have carried out estimation separately for two different time ranges: 2004-8 and 2009-12. Table 3 shows results from the univariate models using data from 2004-8 only, from which we conclude that the t 4 copula provides the best-fitting model for both univariate ordinal time-series. Table 4 does the same using data from 2009-12, and finds that the best-fitting models are t 4 and t 5 for males and females respectively. Tables 5 and 6 show results from the joint models estimated with data from 2004-8 and 2009-12 respectively, and assuming the univariate models found to be best-fitting in Tables 3 and 4. Comparing   Tables 5 and 6 , we note two key differences. Firstly, the estimate of Kendall's τ rises from 0.146 in 2004-8 to 0.191 in 2009-12 , and moreover, it may be verified from the associated SEs that the two 95% confidence intervals do not overlap. Hence we have evidence that Kendall's τ rises with years of marriage. The second key difference is that the best-fitting joint model for the 2004-8 data is t 6 , while the best-fitting joint model for 2009-12 is t 5 . There is a reduction of one in the degrees of freedom of the best-fitting t ν copula. Both of these differences between the results in Tables 5 and 6 provide evidence that dependence increases with years of marriage; both in the middle of the distribution, and in the joint tails.
At this point it is useful to recall that the sample used in this study is restricted to couples observed in every year. Hence attrition (poorly-matched couples dropping out of the sample) is not an issue. This means that the increase in dependence seen in the comparison of Tables 4 and 6 may be interpreted as clear evidence of "socialization" (Arnett, 1995) : the two members of the couple become more similar in terms of risk-attitude as their marriage progresses.
Of course, this effect could simply be a time effect. For example, the global financial crisis occurred between our two sample ranges. Clearly this sort of event has the potential to influence risk attitudes.
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Discussion
Assortative matching is a concept of great interest to economists, as evidenced by the extensive theoretical and empirical literatures devoted to it, dating back to Becker (1974) . The econometric modelling of assortative matching is clearly a setting in which the precise nature of the dependence between two variables representing the relevant outcomes for the two members of the couple, becomes the central focus of the analysis. The copula approach provides the ideal framework for this sort of modelling, since it brings richness to the dependence structure. For example, it allows the modelling of both joint tails and moreover allows a variety of types of asymmetry in the dependence structure.
In applying the copula approach to the problem of assortative matching on risk attitude, we have found evidence of positive assortative matching, in agreement with previous empirical work. However, the copula approach has enabled us to find evidence of both centre dependence and tail dependence.
That is, over the entire range of of risk attitudes, there is a tendency for individuals to match with other individuals with similar risk attitude, and this positive dependence is particularly marked in the tails.
The evidence of PAM amounts to a rejection of standard assortative matching theories based on risk-sharing assumptions, and the favouring models based on alternative assumptions such as the ability of agents to control income risk, and limited commitment in the marriage contract. Since we have not found major differences between the extent of PAM in the two tails, we are unable to claim strong support for the model of Li et al. (2016) which may be interpreted as predicting PAM to be strongest for risk seekers.
These conclusions have been arrived at using a novel model which we have labelled the "joint copula-based Markov model". The model consists of two stages. In the first stage, males and females are considered separately, and a copula is used to model the joint distribution of neighbouring (in time) outcomes for a given individual. The best fitting copulas thus found are then combined using a third copula that couples the two conditional distributions at each time point. In all three cases, the best-fitting copula is found to be a t ν with a small ν, which leads to a model with more probability in the joint upper and joint lower tails compared to the BVN copula. In this economics application, it is highlighted that a joint model with a t ν copula is plausible for a population that is a mixture of subpopulations, while a BVN model might be adequate for smaller homogeneous subgroups. This fact leads to the conclusion of positive dependence in the tails, and we have found strong statistical evidence to confirm this, in the form of the Vuong's statistic.
Having arrived at this conclusion, we then extended the analysis by applying the same two-stage procedure separately for the 2004-8 and 2009-12 data. The key results here were that both middle and tail dependence were stronger in the second time range. We interpreted this in terms of the phenomenon of "socialization": the two members of the couple become more similar in risk attitude with the accumulation of years of marriage.
